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Yay--) Yyd 4 o LS0p dor KCpT. Cllind - ilyrschmiolt )

There 2X. gy m s S+ ey aeh con

De lirdhgn be wwiguely witten an o= 2003 Go-1r)

e A ds called b Adsa e
module Over /K[W).--, 3{] for Some (&/@f\cj) LS. 0p. Yoy
VAR 4 KA A8 CH



£ x omvﬂ/e :

OB ) IKZM:IKLXA)XZMXAXO - A kCad = 4

A

Zxax, hs on LSop Snce ll<[/>]/<?(3r X, ?SP@V\\KM Mb
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=dim I 5 (F)

/

amohare. e (F) =1 6en | GnF= B, GuFenl

AV\’ “ZAQ:> Example :Jfﬁ‘: [, (9) 1)

=A
=+ 0 Jof fédwﬁ/

Hun A rs a0t CH 9, %’

(ofollary .
Al simpliciad Sphures amd bals are CH over K.

As  simphaial Sphares Satsty o Deln - Sommerville

relafons we fnally get e UBT fbr sphares (SJ&/!%Z}@/
i AG707)

The UBT fof spres -

Let 8 be o ld-1)-dm L Simplicial Sphre wnth n verkin

Then i (D) < (Cld,n)) foralli.

i porhedar, () 2 £ CCE,n) for all 1




L 2 chure 3

) The KWrwokal- Wakoma Truorm - Which inteder  SegLumces
are {~vechors of simplicial complees®
@) /{@Cé&u/a(j s Thiorom : WHhich mbegu sequman wre {-ver
ors of mulh conplees  mesp. Wh-veclors ©f (pun-

Hocaulay compleres
@ The g- Hwowm amol e Gergralized Lower bound Thiper
(GLET) - Which iwdegee siquanap sae fevedlars of Simpli
cal po/g@ped,? What are Jywe bswds  Jor such

h-ve clors Z

@ The WKrushal — Kalona Thiorem
Our goaﬂ 4 fo decole £f an imteger ve.chor
L= Ul . [4,7 € Z° ss Hua - vechor of a (d-)-
oo 'L Simplicial complox.  For Hun woe nued U [of-
/OM'% Lomng
Leyvmma
54'\/@:/\ posihve A}VLW\S e amol b, Huwre pists o unigie
Mp%ess/@/m of m in Hu ﬁo//om@ ﬁorm X

= (0 () o (2)

Wb A, 70y, 2 2 Q25 2A.

The prool is a double mduchen en m and k. We lave [
an aNn e e



TS T
e G | & + 5§71
mREnl e o))
e definx k(/ﬂ):f(@ﬂ /ko {qgri;a
0 i m=
E)/mp/ex 2 (24)= @+ﬁ+@*ﬁ = 29
—J0 =6 -z =

Au quswer to o guobion 4o provid by He rud Yopen
Thootem ( Schatunbergy, Hnolal - ibtora)

‘SO s 0 W{j ‘00
For o veclor £= (A, Lo, sy Ly 1€ 2% Ha followring ane aguivabnt
() L is WL~ vechor of some [-0)-dm' | somp liciall complox

(b> QLM (npk> é’plc—A %3{ O‘ﬂ KZ”‘f

Exorple - I o mmpliciad complex Las 724 Z-facwn 44

hay ok Leant 29 =04 (24)  2-Loawh | ot leant £;29,(29)

/1
£z

= {36/4) t {(fﬂ)* (4:%) = 22 wdgw omd ot bt

foz 9, (22) ) - [, ) = & wrhao.  Mowoves,
(4, 8,22, 29, 24) o Ha fveclr of o 3-dm'l smpl-
cial  complix

T preof of (b)) =(a) 45 %l a Ohrect conStruchon.
For Hun wwe nud  several defini ens.



P tor o /W/Q F & b-Subsets of 25, wve st
OF=16G<c Z;, :l6l=b-1 ,G T fr com FeFYy

Nofe -
Ais o Simpl. conplex
» on - Subsels of 2, : < Ofrfawhs t-klow)
Er(, A <\0'
A=lg e cah Celb, < cby=B & a/m(alq = b Lfy&
v Oy = llichen gf K-subsds of Zso0 ordered by vl
= Sl b0 <ireviex {dhﬁéﬂ Cear - . <revex < Gu < teviex - - F\Zj

Exaumpfe - k=5 ) < =< erlex Cin Mﬁol[ow\‘vg\
5012 <€ 013 < 022 < 422 < 0AY <24 £ 424 <03y
< 2L <22% < b

Tor Hu provf of (D)=() we ud oo bmmas, cohos

/0!’007[5 we. d)e@f to e Lxercises. {#cﬁi Lemna 1 1p nuded
—foprove Lenma )

Lemma A

4N ag‘ a a
° = K\+( A 4 +< ") . wohere

Exomple: 12,345 s Ha [f ) (f,>+ (/Zz) =4+ 3+ 2=Gih
element of T,

Levma 2 -

I S=12,<2 ¢ .. <2, €3, consishs o Hu fitst
m elpments A, Hum 19T | = 9 () Horeover
93 o am amifiad  segmomt of o1




e can now prowd widh Hae proof of (L) = (a) .
%V@ (4)4\0)'“)100—1\ < Z/—ggl Pl 91;4('@:) éwci—A e

construct @ Simplicial cemple x /5 0% aﬁ»@”OLOSI

Seh omd .
As iy, (el lemmal wmpliesIAN;,, € 2\ Joriz0.
Henc, D is a simpliciad complex 3

Venmoark :

Simplic’'ad  com plexes conshuckd im Ha previcus proof are
calle 0 - They lelong 10 flu more gm@m/ clags
of Simpbiccal  complexes, Those have o Simple
combinadonal shuchure which allows
+o Shudy alg + %p@lo%co& propertes
of Hwse complexes more aily.  Eporahens as
(Kalau ;4383 ) and ( Erdas— ko~ adh) o -
Ciok a Shitted Simplicial complox 19 a/na Simplhiciad complex
while preserring certan propertes (- numbers B num bets)
Lotum- Hacaulaynem, )

e only shotcle e main Adean of e prodl of. (a) = () We folbws
Framld s proo]  (188%) ana
> ) A= Uh jJor heT,  we sd
Qi = U A, .

Wzo



Lemma

Let A be o cothchon of subseks B/ 404, ) Tor 05j<n

ond Ae A sol (ANA3) 0 doh i jed, 08 A A
should be Huoysht_ gd' (A) = 4 A
9 o Shilt opesabn”” I

replacing j by O othersice
et S;leh) =180 Aeddd
T han

Note : Jf WA ds o Simpliciod gomplox, dhan 0 s & (A)
by Lemma 4 pmo .f((AB:fCSU'M))_
The very roug r'%&w{ W peol of (@)= () jc He [olb-
wing: Left A= U A viodbe a somplicial complek on vedex
Set [(nd, e A= ~dim Jaa
» Apply rcpealed/\:j Shilt wpprators o A [/ze\j‘ém\
Sina gach skp inoreantn Yo number o Jocw conta -
wing O, allec Jinilely many stepe we gt o Simplicial
complex Mok is stable under S
ﬁ@r all A < i<n anof
P Show Hat

) l.e.)



D HMacadoy s Thiorom - Dhich integer sepunces ant -
wchtrs of muthcomperes  resp. h-vedors gf (ohen- Hacaulay
COmp/@dSZ

@&@NHW :
v A o X, Xn 4o o collckion M 8 momo-
W‘affmfﬁ)-—-/kﬂ suct Had
(i)ﬂeﬂ and - Glu = e M
(1) x;e M for ol f<ich.
p Tor O mu/ﬁmﬁow/ﬁ{ we ¢k

and call FM)= (FM),FK). ) of M.

EXQM@'&S :

@ A”j simplicial complex A can be Hought of as
(%Mé%&) mulh complex bg Mociating to a fbce
Sipe . <ih e N Ha monomiad Xi - - X
In duis core - Q(& = T, (n)

OHN{ 1) x5 Y am amfindle mulbcompln en x,
oty F(M)= (4, A

@ Lt T < Kix,. ,x.d be a monepual oed and

Then Br 18 oo wanlbcomplex. [ fack



T is o monoual idead) & Bt is o pudhomplen .
In i s care. Fi(@r) = olimy (Kixy pxa )
fuesheon: What con we oy ahoout F-wedos of
mulhcompleses ¢
gcﬂﬁzﬂré We. Cam gﬁ(/@ an  anfeoer 1o s qm/a'm we rud
o more. glepihen.  For

(0 (2 e e (&) pok

0,7 Quy> . > QzS=24 , we olelon

|

amd

Theom | Macm/%f 4827
F:(trr_o)ﬁ)qu)> ézz;bo /{0 W ?’\/éd@f QVCQ
multcomplen uf amd omly [f Fo=4 amd 0< Ff T i

The proof 45 very Simulod Jo e one by Wrushal Hakoa.
CZ/}/L&{ ADENH  pMN MP/AC{% WCQVL/?AO/)@% ?@f —T_: G—_O/__F[J,.,\
ong e [ima s

C—\—
ound ~ f
1 @, Qu oy by,
One Hun dhows Hot He Lollownng| ¥, x," £ ux K- Yo
Corlihons que Mw‘va/em% ; & F s 0.<bs omd
0 by V625

(1) F 4s T - vechor ol o VVLu/waYplb(
(1) Te 4a a mulh complix |
(i) Tp= amd O< Ty £ F°7 \iza




Rueshon W%ﬂ oue pu [hoemplexes jmporfamd ©
We bave seon 1IN Cscamplt. & Hat F-vechrs of mulh -
complexes Bt are Hlbert fumchons of quohontc sf
monomial oleoko.  How gowrdly, am Hu txercices we wil
Showy et grven amy %ﬂmog/mmms ideal TQW[X,)...) Xud,
Hoere wxists . mononmial K-bosis B of Klx, | x.]
ool B is @ - It follows ﬁmm Example(3)
frat Br 4s Hu st of monomuals not %Av@ i g mononuaf
aoleal J amo

This ﬁ)gzl&er o My /@Lcaa@ s +huorem Implies :
Theoramn -
led F= (R,F, JeZs Th [ollowsing are. equisalont
(a) T is Ha F-echr of a mulhcompex
) F, =4, 0 & F,,, ¢ F(-@ iz 4
() F is Yo thibed fonchon of SOme ﬂﬂ/% gmmllco// Stan -

Mg(r&ded afﬁdofa //<L—x,>,_,)x,,[]/J ,
L bhave In M/L Hie %COVLO( Lochure Ha L Aﬂﬂ A /(\S A (d—/t>~
dir' 0 Colum - /{&CM% Compiesc (Nt L-S.0.p. yy, . Y4 ) Huan

So, ta previous Huorem implies Hat (&) sahsfres conoliby,
() 4L D is Cohm-Hacaulay  Jnderd, Stanley Shawed Hu



Follo wrng complede characluration of h-vecks of CH complees
W%/‘W@
Let o= Choy gy ., Ioy)E 2% T follocnng are equvalent- .
(a) §is He h-wda of a Complex

. — o Da Hus
(b) 45 dhe h-vechor of a \ 3,1494{@%%%“00{%3

(otun - %LCQLL/% complex, ‘ Such . s called
(c) bo=2 and O< 1et/}w é%/(o,&)raﬂ 120

(2) The g ~Uuorer omd Hu [ensalized Lower Bownd Theoreom
Oueshons (@) Js Hure a complede chacaclonzahon of
h-rechors of Smplicial poly topes?
(D) What are fower bounds e face numbers
o 0f ‘5/’/};1/9&‘&{&1 ply Topes {

L K—,Iog\/ﬁ-f (b ‘
[ arngoer o () e V?Q%a»jcfm [olipurng Heorem _

—4- +theorem ( Sﬂf‘?jﬁv ;- RBillera-Lez 4350 4 CB/\/}[&W@V by Hebiulle,,)
Let b= (%0) Doy 4,)€ Z/j'f;(  The ﬁ;//ocmy are @uivalont:
(0\ Thue enists @ simolicial d-dum ¥ pSlytope ?Jacﬁccv;hi/ ﬁ-h:f%//ﬂ),
()% =by; ¥ o~ Leduwred

A=ho £h, £ < 44
o (o boy 4&5 b, ) As am M- Sequamce .

/\//O_’LQ_: ?)3 W ZLO).,./’ZXL%J
dederrning L (D) Jor A = boundary of ol-dim'l simp!
potylope



Sketch of Hu proof 6f He necessity park
Slepd . Accume that Hu verbiay 8L Phave raterd] wordinates
(This con e ackierd by Slightly purtubivg dh verkius )
Led (Piay - pa) be e ordinates of verdex
éﬁ/ﬁ,f Seb O; = pux, + PoiXy T T P X Z@fAéléd
3 fbllows from e we hove g
on M s Wak Oiy o By ts an /.&Ao,/aﬁpr K[2FPJ .
omd  hence. i (OP) = dimp 7/2[9/9]//9”“/90')
Step
Fact (Damilow 4948 )
RLOPY /0y (B> 45 assmorphu'c. o dhe Sngubar cohomology
ng of Uu Horic \/Qm'e/@ Xo Corfe,séomd/yg fo P
As Yo As knpon Sa%v;s@ Sy i
followws hat for w =x,+ .+, Ha Lollowring
e /"/ld‘eC/')‘Vé

KW Mam/(@nw@dgi T <)72[9P]/49u..;(90\>>ﬁ+4

jf@r O<< L%:J—A. I pafh‘oulw) | n
for 0 <1< =]

Moreovef/
which implies Hat (9,000, ga (9P) |

s Hu Hhilbert h T Lof 4. d #h
Aaj\ M./‘?@wmaz?[’mc WOQ ;é@’f‘)@“')w%’\/‘/\u /])m @M



The swdliciency port of e gf%@w&/m LR ohown bg o ditect
comstruch on .
? Th g—%@om D00 ben WJ&W@J 0 be fue for Simplicial
spwes for a Long b This oo lmowon an He .
# Jn He last 6 months due appeaced 8 peprnfs announcny
proofs in general (Adlprasito, 42/2012), for “PL-Sphures
( Ko, 572049 omd /lmpmgf‘% ’Xle,{/(,m@%%/ 96/2019)

The amswer 10 qup Kom (D w0 lowon 08 e General red
(ower Pownd "Thwotem whidi ve nwo State mcluding e
ana&‘@ case { Murar -Neww, 2043 oelg&dmeo/ 5(7 MeKullen/ (Salkuyp

. 1 AG >4 )
Generali zed (L ower Peauwnd Theorem

let P be a o- om0 simplial polyfpe . Thor

More over, for some 0212 B il amd efvxlcmj LY s

e, Hure ex o +nan a/a%}%
L Prn o wk mew & i -
Siom = d -



Lechove Y

@) Basic propertics pf balomad smplcial compleses
@ Balamced (ot - }i&cau/ag Com Plones

(2) The balancd gensralized Lower bound Hhuorem

@ Basic propertes of balomwd simplical Complies

We start ot Hu olefnibon of owr Lor
#poloy
Q@ﬁwﬂ_ (s o[ goen bock fo Starley ; he assumed Wad Ais puse)
A (d-4) =gl (R Simplicial complex B 1s called 24

Hy gra/oh of A ss d-colorakl, le. Hure 2 181S @
map K: V(a) — Ld] such fal ED= €lp) Jor allfijles.

M“ Sinee %lgrap& @Z O [O"@"’*Sfmp)@( is a CDVV?pl@La 8/O'OL]
on d verbas we cannot color a. (d-1)- dim 0 Simpliccal
Complesc Lot Less Han d colors

EXQLWLE/@S £
@ Th of & gaoled post T of renk (
A [0/'4)—00'/;')% bafamw( S.)‘mp/,(o{af (;gmp@( /wlq@re Mm Colo_
gt c 848 vy
rank
(/D; ab ac. be N) CQ[?)
A b C el ab b



*

@ Cdtwn\/{“_‘&u,..)i‘ed}
A Colon'/Lﬁ of k@md@fét Complok 9[; AS %/Mam Jotj
4 '_{j—@/’)_.)t@d}] —> [O’j te, — L

AT (d-D-dim £ balancd Smplicial comphres | F< 4,
e N facts wille Y- F-= 0 b;d]jo/-{&m ol 4 coler - preSerinng
The N# T as HaXSmplicial compor ob -
tained by 1donh fying verficw of FonG (and all faco gn o verny
pccording 194 omd comoving Ha faat F(=61).

eg = balancg conmckd Sums
I oy
Nok: Hy face
Nim beA s
ose_independent
of b we Sl
but tre osre

©),

Tor balameed Simplicial complores il 1o common 1o Shudy e
follounng refipmmnt 8 Hu [ amol th h-vector,
De_Linibon

For a (d-1)-dom U kalonceol Smplicial comples 15 woth celong

£ e sek dor Sc[d]
= # 61 Jown colored unite S

QI/V\O( COtN ((XS(A§>5§[0\] “"(AL O‘f AY




Moreover, we Set- Lor S< [d] and
( (3¢ (/_XUSQ cyq Ae called

/\/Owle .

e [ (A) = SLEd] e (AN |, so (Le (DY serp
£S=10

r@@‘z/u:s f[A),
The ekt Lorma chowos Wat &@S (ZD)

IS QA %ﬁm-

Sed]
memt of WD),
Lemma - hily =2 s (D)
ey

Skebch of Hu prool
We fix varioboles 2., Aq - Fof Te [d] st
One cam  Shou>  Ualk

7 - = D B (YA

Tetdl T< [d)

Sehhing ;\,-:‘f? for ncic d amd ma/%p/gﬂ'”g by Xd“ﬁg@’["

o- 1T

x* Lo(T(@ e 4’) = ¥ Z(ST A\ =

L/‘C[L/, )y Tc Tdd
'% EEunan: zg.,zqd](%(a>>xd"b
"_ZO@.—ZM () -AY = 5*/ £y NS et
RRRRRND Y Lo ML

TC tad
#T =0 2



As am Ixercise emt cam Show e ,QD//waﬁg fopslo g eal inter -
pretahon of f/aﬁ - vechor

whire He= 2 FE AN 1}4‘(@ =SJ Jer S/eﬂd] AS
collud b o B, e e bkt
© Balomeed  (bhen- Hocawley complues
The et cooult shades Hod balanad Cohon- Hacaulay compi-
ves behae woell  Whum Jr&dz{r% roml-Sele chons
Thworem -
Let B be a (f41)-dumd balamced CH Complek worth (10/@7778 K and
Aot Scldl Thom Ns is CM of olimemsion ISI-1.

/s Huorem, /080%&[ LA HA omd Toisnr's colenon (lohwe 2)
mply  Hue {LO[/OM@ ;

COI”OH@[EQ;
L B ke o balamced CH complor Than. | i (5)= 2 T (9

scld)
#S=1

The wxd Hworem pf&l/’l;df/) A ombinatenigl Characlenzahou of
ﬁ/@ J— numnbers

Thocem - ["=>" Samley, 4839 "<=" Fomer, Fank), Slanky 4587)
Let 2= (fs)sccay €2 (ZA). The FO//va@ are equivalent:

(0) Thuce wasts o (d-A)- glim @ balanceol CH compler such
ot (2D)= /2




(b) There gpasks a d-wlored simplicial complex I\ such Hhat
oL () = (5

Lemgrk -

7 Th complex /\in lb) (s nok Vuce,&wi/)/ pure and (F cam A@PPM’
Hat dim A < dA) e g, i [eyy=0.

v As @ consgune, h-veclors ©f kalomcad CH comgeres are
[-vechrs of Simplicial complexes avd heng satisfy
W Kruskal- Latona Hpn (Hwg condibous are &‘z’mga Hon
e swn Jiom Hacm/agfsﬂwn) Ty sabsty even Shonger
congli eons ( Framkl— Ficed)- fela), A988)

We OVlB Sketche  Hu pf@@f @]C (00'/‘)(@\ J+ jCO//OLO&S
[rom ceveral pfop%/‘%‘@ﬂs . The main mw 1deoc js 4o pse
Hat Ha S#a/ml%f Tox'snar g of a balamead Smplicial cm-

/9[0( A 45 gmalocsedl it o %/f\/@n /Oj
d@()(a> > €K(\J) — (O,,O)Q[O),O)éz/d
o@&)ﬁw\\ﬂ posihouw \ég)

Thn, To w & %ng)@/&@uﬁ wolead ol respect o His

grading and dura induap o Z* gradig em WLA)

We wnd o acimment sf Hao Hilberd stries o a Z/iﬁrad/@,

For vanables A, ., A4, 0= (a,, , 04) & N and Se Tdd 4t
A AN amd A =TI

A



Delinihon :
et R be o 2% groded IK-algeba. Thn
He (0 9) = 2 dim ) A®

aeZi,

s called of K

Similac 10 W descnppm of He uwual thipect cenes of a Sanky -
Qisnir nng on geks o [ollowing reul. ( Lxercise )

M&fﬁ'@m A
Lek & be o ld-1)~dm'l baloncd Simplicial complex with
60/077’% £ Then 2 (el %S

Scld)

o (X =
H/KLZ_S] 9‘U /9\0‘\> CA"AD (A—Q\OO

The mext proposiher guarantees He Lyistonce of a parha-
Jorr nice ond simple /.S 0.p ﬂgrba/aﬂ&d Smplacial

Complexes.

Vroposition 2 .

et O be o D= dhm'l palonad Simplicial complex on
verkx set [n] Set fof f< jed Thon:

(1) G, 0 43 an LS 0p for KCAJ
(17) _/:Or’ﬁl/efy /‘/:JC—V‘ 1 9{;:0 A [Klélk@p---)@d)'

(1) d;vf@c#/& 7[)0//0w$ ﬁfOM e cnkrnn



(i) Let jelnd wnth 1<(D=C Thun

Xé,@tz X\)(Z >,;§ KLXQ“+ X) ~ }KL—A]
4 e = KO =L
€ {0,604/ i
1] 0,54 A Loral
Hendt YJZ:O n 1KUQ/(Q,)...)90|>- KWM KO =L
2,

Ac Lor Hilbert cenen 8 quobents of f%amledc, - Duonsr PGS
% onl S o0p for CM complexes, tue 1S a mu/ﬁgfadeﬂ/
QM@@ N e palanced  sefng .

Hroposihons -

Let 25 be o (0-0)-0lm's balancud CH complex coth colonng £
Let Oy ., 04 be Hu coloed £ s.0.p as in Hopeciton 2. Thn

/K[Dj/é @I)___ ; Od >

We now shetch e prol of ()= (b) of Hu Heaom

Ler be Hu colored | ¢ op. amd bf a62/i0‘
Set
e

O shows Hal A Js oo mulhcompler and by [Tepositen)
wen o Simpi cral Com ol X. Moreover , A\ i
Ll Hu CO/m?‘rg mhnted Leom /.



(P(QPOSH{(%{ 3 fwf{ﬂ(/ /'/n/o/,‘&g :

&) The balamad Generalized lower Gownd Huokm

Tn o Lollousing we consider Simphiciol polyopes cohvse bowntuy
oomp/&(es e balomed (balanced S/\mpétaﬁ//w/%/o/}ﬂ)

Jf P as Such o balanced Simpliccak p@@/ppg, o e have
Seon MHwt i+ sahshes e GLAT -

Jt s natwal fo Lxpect Hod baanceduss foran Shoger
[nequalfHCS ﬁa& I /’ﬁll [h{ﬁ’@'&“ wHn 61074[ )

inequalie, — H-patt oF Gty pact of equalily
AL for s —

Theorm - Wﬂm? i Wee- Nonk 2046 ,'m, 2013 )

Let Pbe O balancd Gmplical polyope of dimensiomd

—

[ hun

condihens -

Moreover, for som¢ it Al omol enly 4t Phas

Hu | pmp@fﬁtj,

o — |

Poughly - P can ke decomposed pmto d-dn ¥
L0800 (7 ropes  wonHiout intfodu cing

Mo Laap S of dipension < d-i

Forl i=/ we ge% crasspelyopal - stackd SPAHS.




